Curvature of almost quaternion-Hermitian manifolds by Cabrera, Francisco Martin & Swann, Andrew
ar
X
iv
:0
70
8.
03
09
v1
  [
ma
th.
DG
]  
2 A
ug
 20
07 Curvature of Almost Quaternion-Hermitian Manifolds
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Abstract. We study the decomposition of the Riemannian curvature R tensor of an
almost quaternion-Hermitian manifold under the action of its structure group Sp(n)Sp(1).
Using the minimal connection, we show that most components are determined by the
intrinsic torsion ξ and its covariant derivative ∇˜ξ and determine relations between the
decompositions of ξ ⊗ ξ, ∇˜ξ and R. We pay particular attention to the behaviour of the
Ricci curvature and the q-Ricci curvature.
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1 Introduction
An object of fundamental importance in Riemannian geometry is the curva-
ture tensor R. As a (0, 4)-tensor, R satisfies a number of algebraic symmetry
conditions, including the Bianchi identity. The presence of an additional
geometric structure on the manifold gives rise to a decomposition of the
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curvature in to components, each satisfying additional symmetry relations.
Further information on the geometric structure may then imply the vanish-
ing of some of these components. The most celebrated examples of this come
from the holonomy classification of Berger [1] where nearly all the possible
non-trivial reductions of the Riemannian holonomy of an irreducible struc-
ture give solutions of the Einstein equations, see [3].
Tricerri & Vanhecke [19] were the first to make a detailed study of the gen-
eral decompositions for one particular class of geometric structures, namely
almost Hermitian structures, i.e., manifolds with a metric and compatible
almost complex structure. The purpose of this paper is to extend these tech-
niques to almost quaternion-Hermitian manifolds. These are manifolds with
a Riemannian metric g = 〈·, ·〉 and local triples of almost complex structures
I, J , K satisfying the quaternion identities.
For the almost Hermitian case, the geometry is determined by a U(n)-
structure. For almost quaternion-Hermitian manifolds the structure group
is Sp(n) Sp(1). Both groups appear on Berger’s list of Riemannian holon-
omy groups and are of fundamental importance in the study of non-linear
supersymmetric σ-models in physics.
The first step in the study of curvature on these manifolds is to decompose
the space R of (0, 4)-curvature tensors under the action of the structure group.
It is helpful to do this in two steps. The space R is invariant under the
larger group GL(n,H) Sp(1) that preserves the space of compatible almost
complex structures but not the metric. We thus first decompose R under
the action of GL(n,H) Sp(1), see §3, and then determine the refinement of
this decomposition under the action of the smaller group Sp(n) Sp(1), see §4.
This mirrors the approach of Falcitelli et al. [7] in the almost Hermitian case,
see also [11]. Note that although GL(n,H) Sp(1) is the structure group of
an almost quaternionic structure, the metric has been used to convert the
curvature tensor from type (1, 3) to type (0, 4) by lowering an index, and so
the first step does not correspond to decomposition results for curvature of
almost quaternionic manifolds.
Given a Riemannian G-structure, there is a distinguished compatible con-
nection ∇˜, the minimal connection, characterised by having the smallest
torsion pointwise. The torsion of ∇˜ is called the intrinsic torsion of the G-
structure is determined by the tensor ξ = ∇˜−∇, where ∇ is the Levi-Civita
connection of the metric. The vanishing of ξ is equivalent to the reduction of
the holonomy to G. In general, the intrinsic torsion ξ splits up in to a number
of components under the action of G. Vanishing of certain components often
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correspond to interesting geometric properties, and structures with specific
torsion are of increasing importance in theoretical physics.
For G = Sp(n) Sp(1) the intrinsic torsion ξ splits in to six components
[16]. These contribute to the curvature tensor R in two different ways; via
components of ξ ⊗ ξ and via components ∇˜ξ. This information determines
directly all the components of R transverse to the space QK of curvature
tensors of quaternionic Ka¨hler manifolds, i.e., manifolds where the holonomy
reduces to Sp(n) Sp(1). Since dimR = 4
3
n2(16n2−1) and dimQK = 1
6
(4n4+
12n3 + 11n2 + 3n + 6), this means that nearly all components of R are
determined by ξ and its derivative.
In §6, we compute the contribution of ξ to the components of R and
display the results in tables. Particular attention is paid to the contribu-
tions to the Ricci curvature Ric and its quaternionic partner the q-Ricci
curvature Ricq. For these two tensors, it is only the scalar parts that re-
main undetermined and we show how even these may found by invoking
additional information from the curvature of the bundle of compatible local
almost complex structures. The paper closes with a number of consequences
for particular types of almost quaternion-Hermitian manifolds. For examples
of such structures we refer the interested reader to Cabrera & Swann [12],
where it is also shown how the components of ξ may be efficiently computed
via the exterior algebra.
Acknowledgements. This work is supported by a grant from the MEC (Spain),
project MTM2004-2644. Francisco Mart´ın Cabrera thanks IMADA at the
University of Southern Denmark in Odense for kind hospitality whilst work-
ing on this project.
2 Preliminaries
Let V be an m-dimensional real vector space. The space of Riemannian cur-
vature tensors R on V consists of those tensors R of type (0, 4) which satisfies
the same symmetries as the Riemannian curvature tensor of a Riemannian
manifold. This is summarised by saying that R is the kernel of the mapping
S2(Λ2V∗)→ Λ4V∗, (2.1)
defined by wedging two-forms together.
When there is a positive definite inner product g(·, ·) = 〈·, ·〉, defined
on V, then V is a representation of the orthogonal group O(m) and we can
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consider the map Ric: R → S2V∗, given by Ric(R)(x, y) = R(x, ei, y, ei),
where {e1, . . . , em} is an orthonormal basis for vectors and we use the sum-
mation convention. This notation and such a convention will be used in the
sequel. The map Ric is O(m)-invariant and Ric(R) is called the Ricci tensor
associated to R. The scalar curvature scal(R) of R is the trace of Ric(R).
There is a natural extension of the inner product 〈·, ·〉 to the space of
p-forms ΛpV∗ defined by
〈a, b〉 = 1
p!
a(ei1 , . . . , eip)b(ei1 , . . . , eip).
On the other hand, we will also consider V equipped with three almost
complex structures I, J andK satisfying the same identities as the imaginary
units of quaternion numbers, i.e., I2 = J2 = −1 and K = IJ = −JI. In such
a case m = 4n, and V is a representation of the subgroup GL(n,H) Sp(1) of
GL(4n,R) characterised by the fact that it preserves the three-dimensional
vector space G of endomorphisms of V generated by I, J and K. A triple
I ′, J ′ and K ′ is said to be an adapted basis for G, if they generate G, satisfy
the same identities as the unit imaginary quaternions. One finds that for
A = I ′, J ′, K ′ we have A = aAI + bAJ + cAK with a
2
A + b
2
A + c
2
A = 1.
Furthermore, we will also consider both situations simultaneously: V
equipped with an inner product 〈·, ·〉 and three almost complex structures
I, J and K satisfying the above mentioned quaternionic identities and the
compatibility condition with the inner product, 〈Ax,Ay〉 = 〈x, y〉, for A =
I, J,K. In this case, we have the three Ka¨hler forms given by ωA(x, y) =
〈x,Ay〉, A = I, J,K, and the four-form Ω defined by
Ω =
∑
A=I,J,K
ωA ∧ ωA. (2.2)
The 4n-form Ωn can be used to fix an orientation and V is a representation
of the subgroup Sp(n) Sp(1) of SO(4n) consisting by those elements which
preserve G. Alternatively, Sp(n) Sp(1) can be defined as consisting of those
elements of O(4n) which preserve Ω.
The following notation will be used in this paper. If b is a (0, s)-tensor,
we write
A(i)b(X1, . . . , Xi, . . . , Xs) = −b(X1, . . . , AXi, . . . , Xs),
Ab(X1, . . . , Xs) = (−1)
sb(AX1, . . . , AXs),
F. Mart´ın Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 5
for A = I, J,K.
There is an Sp(n) Sp(1)-invariant map Ricq : R → ⊗2V∗ given by
Ricq(R)(x, y) =
∑
A=I,J,K
R(x, ei, Ay, Aei).
The tensor Ricq(R) will be called the q-Ricci tensor and the trace scalq(R)
of Ricq(R) will be referred as the q-scalar curvature of R. If we write
Ric∗A = R(x, ei, Ay, Aei),
it is not hard to prove that∑
A=I,J,K
A(Ric∗B)a = −(Ric
∗
B)a, 〈Ric
∗
B, ωB〉 = 0,
where (Ric∗B)a is the skew-symmetric part of Ric
∗
B. Moreover, for all cyclic
permutations of I, J,K, we have
〈Ric∗I , ωJ〉 = −〈Ric
∗
K , ωJ〉.
Hence the skew-symmetric part Ricq
a
of the tensor Ricq satisfies the condi-
tions:
(i)
∑
A=I,J,K ARic
q
a
= −Ricq
a
, and
(ii) 〈Ricq
a
, ωA〉 = 0, for A = I, J,K,
which characterises the irreducible Sp(n) Sp(1)-module Λ20ES
2H ⊂ Λ2V∗ of
skew-symmetric two-forms. Thus Ricq
a
∈ Λ20ES
2H . In summary, we have
Ricq ∈ S2V∗ + Λ20ES
2H = Rg + Λ20E + S
2ES2H + Λ20ES
2H and
Ric ∈ S2V∗ = Rg + Λ20E + S
2ES2H,
where Λ20E consists of trace-free symmetric two-forms b such that Ab = b,
A = I, J,K, and S2ES2H consists of those such that
∑
AAb = −b.
Now, we recall some facts about quaternionic structures in relation with
representation theory. We will follow the E-H-formalism used in [14, 16, 17]
and we refer to [5] for general information on representation theory. Thus,
E is the fundamental representation of GL(n,H) on C2n ∼= Hn via left mul-
tiplication by quaternionic matrices, considered in GL(2n,C), and H is the
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representation of Sp(1) on C2 ∼= H given by q.ζ = ζq, for q ∈ Sp(1) and
ζ ∈ H.
An irreducible representation of GL(n,H) is determined by its dominant
weight (λ1, . . . , λn), where λi are integers with λ1 > λ2 > · · · > λn > 0. This
representation will be denoted by Uλ1,...,λr , where r is the largest integer
such that λr > 0. Likewise, U
∗λ1,...,λr will denote the dual representation of
Uλ1,...,λr . Familiar notation is used for some of these modules, when possible.
For instance, Uk = SkE, the kth symmetric power of E, and U1,...,1 = ΛrE,
where there are r ones in exponent. Likewise, SkE∗ and ΛrE∗ will be the
respective dual representations.
On E, there is an invariant complex symplectic form ωE and a Hermitian
inner product given by 〈x, y〉C = ωE(x, y˜), for all x, y ∈ E, and being y˜ = jy
(y 7→ y˜ is a quaternionic structure map on E = C2n considered as left complex
vector space). The mapping x 7→ xω = ωE(·, x) gives us an identification of
E with its dual E∗. In using group representations, this identification works
only with groups which preserve ωE . For instance, we can not use such
an identification for GL(n,H)-representations. If {e1, . . . , en, e˜1, . . . , e˜n} is a
complex orthonormal basis for E, then ωE = e
ω
i ∧ e˜
ω
i = e
ω
i e˜
ω
i − e˜
ω
i e
ω
i , where
we have omitted tensor product signs. The group Sp(n) coincides with the
subgroup of U(2n) which preserves ωE.
The Sp(1)-module H will be also considered as left complex vector space.
Regarding H as 4-dimensional real space with the Euclidean metric 〈·, ·〉 such
that {1, i, j, k} is an orthonormal basis, the complex symplectic form ωH is
given by ωH = (1
♭∧j♭+k♭∧i♭)+i(1♭∧k♭+i♭∧j♭), where h♭ is the real one-form
given by q 7→ 〈h, q〉. We also have the identification, q 7→ qω = ωH(·, q), of H
with its dual H∗ as complex space. On H , we have a quaternionic structure
map given by h = z1+z2j 7→ h˜ = jq = −z2+z1j, where z1, z2 ∈ C and z1, z2
are their conjugates. On H∗, the structure map given by h˜ω = −h˜ω, this is
based in the identities
h˜ω(q) = hω(q˜) = ωH(q˜, h) = −ωH(q, h˜) = −h˜
ω(q).
From now on, we will take h ∈ H such that 〈h, h〉 = 1. Thus {h, h˜} is a
basis of the complex vector space H and ωH = h
ω ∧ h˜ω. Finally, we point
out that the irreducible representations of Sp(1) are the symmetric powers
SkH ∼= Ck+1.
An irreducible representation of Sp(n) is also determined by its dominant
weight (λ1, . . . , λn), where λi are integers with λ1 > λ2 > · · · > λn > 0. This
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representation will be denoted by V λ1,...,λr , where r is the largest integer
such that λr > 0. Likewise, familiar notation is also used for some of these
modules. For instance, V k = SkE, and V 1,...,1 = Λr0E, where there are r
ones in exponent and Λr0E is the Sp(n)-invariant complement to ωEΛ
r−2E in
ΛrE. Also K will denote the module V 21, which arises in the decomposition
E ⊗ Λ20E
∼= Λ30E +K + E, where + denotes direct sum.
Remark 2.1. Regarding complex and real representations: suppose V is a
complex G-module equipped with a real structure, where G is a Lie group.
Most of the time in this paper, V will also denote the real G-module which is
the (+1)-eigenspace of the structure map. The context should tell us which
space are referring to. However, if there is risk of confusion or when we
feel that a clearer exposition is needed, we will denote the second mentioned
space by [V ].
Returning to our real vector space V with the three almost complex struc-
tures I, J and K satisfying the quaternionic identities, we can consider V as
complex vector space by saying (λ+ iµ)x = λx+µIx, for all λ+ iµ ∈ C and
x ∈ V. Since 2n is the dimension of such a complex vector space, we will also
write E when we are referring to V as complex vector space. The dual vector
space E∗ of E consists of complex one-forms aC = a + iIa, for a ∈ V
∗, and
has iaC = −(Ia)C. Because of the triple I, J and K we can consider E and
E∗ as two complex GL(n,H)-representations endowed with their respective
quaternionic structure maps defined by x 7→ x˜ = Jx and aC 7→ a˜C = −(Ja)C.
The actions of GL(n,H) Sp(1) on the real vector spaces V and V∗ gives
rise to GL(n,H) Sp(1)-isomorphisms which identify V ⊗R C ∼= E ⊗C H and
V∗⊗R C ∼= E
∗⊗CH
∗. In fact, such isomorphisms are defined respectively by
x⊗R z 7→ x⊗C zh+Jx⊗C zh˜ and a⊗R z 7→ aC⊗C zh
ω+(Ja)C⊗C zh˜
ω, where
we have fixed h ∈ H such that 〈h, h〉 = 1.
There are real structure maps defined on E ⊗C H and E
∗ ⊗C H
∗ which
are given by x ⊗C q 7→ Jx ⊗C q˜ and aC ⊗C q
ω 7→ (Ja)C ⊗C q˜
ω, respectively.
Such structure maps correspond to x ⊗R z 7→ x ⊗R z and a ⊗R z 7→ a ⊗R z
respectively defined on V ⊗R C and V
∗ ⊗R C. Thus, for the corresponding
(+1)-eigenspaces, we have [EH ] ∼= V⊗RR ∼= V and [E
∗H∗] ∼= V∗⊗RR ∼= V
∗.
For considering elements of the tensorial algebra of [E∗H∗] ∼= V∗, we need
to compute the restrictions of aCh
ω, aCh˜
ω, a˜Ch
ω and a˜Ch˜
ω to [EH ] ∼= V.
Thus, for all x ∈ V, we have x ⊗ h + Jx ⊗ h˜ which is the corresponding
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element in [EH ] and obtain
aC ⊗ h
ω(x⊗ h+ Jx⊗ h˜) = (Ja− iKa)(x),
a˜C ⊗ h˜
ω(x⊗ h+ Jx⊗ h˜) = (−Ja− iKa)(x),
aC ⊗ h˜
ω(x⊗ h+ Jx⊗ h˜) = (a+ iIa)(x),
a˜C ⊗ h
ω(x⊗ h+ Jx⊗ h˜) = (a− iIa)(x).
(2.3)
3 Quaternionic decomposition of curvature
The space of Riemannian curvature tensors R is the kernel of the map (2.1),
which is GL(n,H) Sp(1)-equivariant, so R is also a GL(n,H) Sp(1)-module.
Our purpose here is to show the GL(n,H) Sp(1)-decomposition of R into
irreducible components.
On the one hand, the space Λ2V∗ of skew-symmetric two-forms has the
following decomposition into irreducible GL(n,H) Sp(1)-modules,
Λ2V∗ = S2E∗ + Λ2E∗S2H, (3.1)
where the real module S2E∗ is characterised as consisting of those b ∈ Λ2V∗
such that Ab = b, for A = I, J,K, and the skew-symmetric two-forms b ∈
Λ2E∗S2H are such that
∑
A=I,J,K Ab = −b.
Now, from (3.1) it follows
S2(Λ2V∗) = S2(S2E∗) + S2(Λ2E∗S2H) + S2E∗Λ2E∗S2H
= S2(S2E∗) + S2(Λ2E∗)(S4H + R)
+ Λ2(Λ2E∗)S2H + S2E∗Λ2E∗S2H,
where we have taken S2(S2H) ∼= S4H +R and Λ2(S2H) ∼= S2H into account.
Since S2(S2E∗) = S4E∗ + U∗22, S2(Λ2E∗) = Λ4E∗ + U∗22, Λ2(Λ2E∗) = U∗211
and S2EΛ2E∗ = U∗211 + U∗31, we obtain
S2(Λ2V∗) = S4E∗ + 2U∗22 + Λ4E∗ + (U∗31 + 2U∗211)S2H
+ (Λ4E∗ + U∗22)S4H.
On the other hand, for the skew symmetric four-forms on V, we obtain
Λ4V∗ = Λ4E∗S4H + U∗211S2H + U∗22.
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Because there are non-vanishing values of the map (2.1) on each one of these
three summands, we conclude that
R = S4E∗ + U∗22 + Λ4E∗ + (U∗31 + U∗211)S2H + U∗22S4H. (3.2)
In order to give explicit descriptions for these modules, we will consider
some GL(n,H) Sp(1)-endomorphisms on R. The first one L is given by
L(R) =
∑
16i<j64
A=I,J,K
A(i)A(j)R, (3.3)
for all R ∈ R. Regarding L, we have the following results.
Proposition 3.1. The map L is GL(n,H) Sp(1)-equivariant and
(i) S4E∗ + U∗22 + Λ4E∗ consists of R ∈ R such that L(R) = 6R;
(ii) (U∗31 + U∗211)S2H consists of R ∈ R such that L(R) = 2R;
(iii) U∗22S4H consists of R ∈ R such that L(R) = −6R.
Proof. If we use another adapted basis I ′, J ′ and K ′ for G in equation (3.3),
it is straightforward to check that we will obtain the same map L. Hence L
is a GL(n,H) Sp(1)-map.
For (iii), we first show that we have the following decomposition of S2H⊗
S2H into Sp(1)-irreducible modules
S2H ⊗ S2H = S2(S2H) + Λ2(S2H) = S4H + RωH ⊗ ωH + S
2H,
where we have taken S2(S2H) ∼= S4H +RωH ⊗ ωH and Λ
2(S2H) ∼= S2H into
account.
Next, we consider (aCbCcCdC)h˜
ωh˜ωh˜ωh˜ω ∈ (⊗4E∗) ⊗ S4H ⊂ ⊗4(E∗H),
where we have omitted tensor product signs. Let Φ1 ∈ [(⊗
4E)S4H ] ⊂
⊗4[E∗H ] be the tensor defined by Φ1 = Re((aCh˜
ω)(bCh˜
ω)(cCh˜
ω)(dCh˜
ω)|V),
where Re means the real part. Now, using equations (2.3), we obtain
Φ1 = abcd − aIbIcd− aIbcId− abIcId
− IaIbcd− IabIcd− IabcId + IaIbIcId.
From this last expression it is straightforward to check that L(Φ1) = −6Φ1.
Since there are no conditions on a, b, c and d, part (iii) follows.
Part (i) follows by similar arguments considering (aCbCcCdC)ωHωH ∈
⊗4E∗ ⊂ ⊗4(E∗H). Thus it is obtained Φ2 ∈ [⊗
4E] ⊂ ⊗4[E∗H ] defined
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by Φ2 = Re((aCbCcCdC)ωHωH|V), we recall that ωH = h
ωh˜ω − h˜ωhω. After
using equations (2.3), one can check that L(Φ2) = 6Φ2.
Finally, for part (ii), we recall that (hωhω) ∧ (h˜ωh˜ω) ∈ Λ2(S2H) ∼= S2H
and consider
(aCbCcCdC)(h
ωhωh˜ωh˜ω − h˜ωh˜ωhωhω) ∈ (⊗4E∗)S2H ⊂ ⊗4(E∗H),
then, for Φ3 = Re((aCbCcCdC)(h
ωhωh˜ωh˜ω− h˜ωh˜ωhωhω)|V), one can check that
L(Φ3) = 2Φ3.
In order to go further with the descriptions of the GL(n,H) Sp(1)-sub-
modules of the space of curvature tensors R, we will need to consider some
GL(n,H) Sp(1)-maps from Λ2V∗⊗Λ2V∗ to R which are defined for b, c ∈ Λ2V∗
by:
φ(b⊗ c) = 6b⊙ c− b ∧ c, (3.4)
Φ(b⊗ c) =
∑
A=I,J,K
(
6(A(1) + A(2))b⊙ (A(1) + A(2))c
− (A(1) + A(2))b ∧ (A(1) + A(2))c
)
,
(3.5)
ϕ(b⊗ c)(x, y, z, u) =
∑
A=I,J,K
(
(A(1) − A(2))b(x, z)(A(1) − A(2))c(y, u)
− (A(1) −A(2))b(x, u)(A(1) − A(2))c(y, z)
+ (A(1) − A(2))c(x, z)(A(1) − A(2))b(y, u)
− (A(1) −A(2))c(x, u)(A(1) −A(2))b(y, z)
)
,
(3.6)
where we write b ⊙ c = 1/2(b ⊗ c + c ⊗ b) and x, y, z, u ∈ V. Note that
the maps φ, ϕ and Φ vanish on Λ2(Λ2V∗), so we will consider them as maps
S2(Λ2V∗)→ R.
Other GL(n,H) Sp(1)-maps that we will use are defined from S2V∗⊗S2V∗
to R. These maps are given for b, c ∈ S2V∗ by:
ψ(b⊗ c)(x, y, z, u) = b(x, z)c(y, u)− b(x, u)c(y, z)
+ c(x, z)b(y, u)− c(x, u)b(y, z),
(3.7)
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ϑ(b⊗ c) =
∑
A=I,J,K
(
6(A(1) −A(2))b⊙ (A(1) − A(2))c
− (A(1) − A(2))b ∧ (A(1) −A(2))c
)
,
(3.8)
Ψ(b⊗ c)(x, y, z, u) =
∑
A=I,J,K
(
(A(1) + A(2))b(x, z)(A(1) + A(2))c(y, u)
− (A(1) + A(2))b(x, u)(A(1) + A(2))c(y, z)
+ (A(1) + A(2))c(x, z)(A(1) + A(2))b(y, u)
− (A(1) + A(2))c(x, u)(A(1) + A(2))b(y, z)
)
,
(3.9)
for x, y, z, u ∈ V. Analogously, since ψ, ϑ and Ψ vanish on Λ2(S2V∗), we will
consider as defined S2(S2V∗)→ R.
Likewise, a fundamental tool that we will use to describe the irreducible
GL(n,H) Sp(1)-modules of R is the GL(n,H) Sp(1)-map Lσ : R → R which
is defined by
Lσ(R) =
∑
A=I,J,K
(A(1)A(2) + A(2)A(3)σ + A(1)A(3)σ
2
+ A(3)A(4) + A(1)A(4)σ + A(2)A(4)σ
2)R,
(3.10)
where σ = (123) is the permutation 1 7→ 2 7→ 3 7→ 1 and σR(x, y, z, u) =
R(z, x, y, u). As an illustration, A(2)A(3)σR(x, y, z, u) = R(Az, x, Ay, u).
Proposition 3.2. For L and Lσ be as above, we have
(i) S4E∗ consists of R ∈ R such that L(R) = 6R and Lσ(R) = 12R;
(ii) U∗22 consists of R ∈ R such that L(R) = 6R and Lσ(R) = 0;
(iii) Λ4E∗ consists of R ∈ R such that L(R) = 6R and Lσ(R) = −12R;
(iv) U∗31S2H consists of R ∈ R such that L(R) = 2R and Lσ(R) = 4R;
(v) U∗211S2H consists of R ∈ R such that L(R) = 2R and Lσ(R) = −4R;
(vi) For all R ∈ U∗22S4H, L(R) = −6R and Lσ(R) = 0.
Proof. For (i), (ii) and (iii), we consider b1, c1 ∈ S
2E∗ ⊂ Λ2V∗. Using equa-
tions (3.4) and (3.6), it is straightforward to check
Lσ(4φ(b1 ⊙ c1) + ϕ(b1 ⊙ c1)) = 12(4φ(b1 ⊙ c1) + ϕ(b1 ⊙ c1)),
Lσ(4φ(b1 ⊙ c1)− ϕ(b1 ⊙ c1)) = 0.
Note that it is always possible to find b1, c1 such that 4φ(b1⊙c1)+ϕ(b1⊙c1) 6=
0 and 4φ(b1 ⊙ c1)− ϕ(b1 ⊙ c1) 6= 0.
Since b1 ⊙ c1 ∈ S
2(S2E∗) = S4E∗ + U∗22, with Schur’s Lemma in mind,
then 4φ(b1 ⊙ c1) + ϕ(b1 ⊙ c1) ∈ S
4E∗ and 4φ(b1 ⊙ c1)− ϕ(b1 ⊙ c1) ∈ U
∗22, or
4φ(b1 ⊙ c1) + ϕ(b1 ⊙ c1) ∈ U
∗22 and 4φ(b1 ⊙ c1)− ϕ(b1 ⊙ c1) ∈ S
4E∗.
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On the other hand, for b2, c2 ∈ Λ
2E ⊂ S2V∗, using equations (3.7)
and (3.8), it is direct to check
Lσ(ϑ(b2 ⊙ c2) + 12ψ(b2 ⊙ c2)) = 0,
Lσ(ϑ(b2 ⊙ c2)− 12ψ(b2 ⊙ c2)) = −12(ϑ(b2 ⊙ c2)− 12ψ(b2 ⊙ c2)).
Likewise, ϑ(b2⊙c2)+12ψ(b2⊙c2) and ϑ(b2⊙c2)−12ψ(b2⊙c2) are not always
vanished.
Since b2 ⊙ c2 ∈ S
2(Λ2E∗) = Λ4E∗ + U∗22, we deduce that ϑ(b2 ⊙ c2) −
12ψ(b2 ⊙ c2) ∈ Λ
4E∗ and ϑ(b2 ⊙ c2) + 12ψ(b2 ⊙ c2) ∈ U
∗22, or ϑ(b2 ⊙ c2) −
12ψ(b2 ⊙ c2) ∈ U
∗22 and ϑ(b2 ⊙ c2) + 12ψ(b2 ⊙ c2) ∈ Λ
4E∗.
Therefore,
4φ(b1 ⊙ c1) + ϕ(b1 ⊙ c1) ∈ S
4E∗,
4φ(b1 ⊙ c1)− ϕ(b1 ⊙ c1), ϑ(b2 ⊙ c2) + 12ψ(b2 ⊙ c2) ∈ U
∗22,
ϑ(b2 ⊙ c2)− 12ψ(b2 ⊙ c2) ∈ Λ
4E∗.
Thus, taking Proposition 3.1 into account, (i), (ii) and (iii) follow.
For (iv) and (v), we consider b3 ∈ S
2E∗ ⊂ Λ2V∗ and c3 ∈ Λ
2E∗S2H . Put
α1 = 4φ(b3 ⊙ c3) + ϕ(b3 ⊙ c3) and α2 = 4φ(b3 ⊙ c3) − 3ϕ(b3 ⊙ c3). Then
equations (3.4) and (3.6) give
L(α1) = 4α1 and L(α2) = −4α2,
so α1 and α2 belong to different irreducible summands of the space S
2E ⊗
Λ2E∗S2H = U∗211S2H + U∗31S2H ⊂ S2(Λ2V∗) that contains b3 ⊙ c3. In
Remark 4.4 below we will show that α1 ∈ U
∗211S2H and α2 ∈ U
∗31S2H ,
proving (iv) and (v).
Finally, (vi) will proved below, see Remark 4.7.
4 Almost quaternion-Hermitian decomposi-
tion of curvature
In §3, using the action of the Lie group GL(n,H) Sp(1) we obtained and de-
scribed the decomposition of the space of curvature tensors R given by equa-
tion (3.2). In this section we will study the decompositions each one of these
submodules under the action of the subgroup Sp(n) Sp(1) of GL(n,H) Sp(1).
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As we have pointed out above, the main difference between Sp(n) andGL(n,H)
is that Sp(n) preserves the complex symplectic form ωE . Moreover, we have
an identification E ∼= E∗ by ωE and, consequently, all tensor modules are
identified with their corresponding duals. Therefore, we will write
R = S4E + U22 + Λ4E + (U31 + U211)S2H + U22S4H.
On the other hand, the presence of the metric g = 〈·, ·〉 allows to work
with the Ricci and q-Ricci curvature tensors. Now we show the relationships
of these tensors with the maps L and Lσ.
Lemma 4.1. If L and Lσ are the Sp(n) Sp(1)-maps defined by equations
(3.3) and (3.10), respectively, then
Ric(L(R))(X, Y ) = 3Ric(X, Y ) +
∑
A=I,J,K
Ric(AX,AY ),
Ricq(L(R))(X, Y ) = 3Ricq(X, Y ) +
∑
A=I,J,K
Ricq(AX,AY ),
Ric(Lσ(R))(X, Y ) = 3Ric
q(X, Y ) + 3Ricq(Y,X)− 3Ric(X, Y )
−
∑
A=I,J,K
Ric(AX,AY ).
Proof. It follows by straightforward computation.
Now we will analyse the behaviour of the different GL(n,H) Sp(1)-sub-
modules of R under the action of Sp(n) Sp(1). Since contractions by ωE
on the Sp(n)-module S4E are all zero, S4E is also irreducible as an Sp(n)-
module. Therefore, S4E ∼= S4E⊗C(ωH⊗ωH) is irreducible as an Sp(n) Sp(1)-
module.
To study U22, we consider U22 ⊂ S2(Λ2E) and the map ω34 : U
22 → E⊗E
given by contraction with ωE on the (3, 4)-indices. One has that ω34(U
22) =
Λ2E and we write V 22 = kerω34. Therefore, U
22 = V 22 + Λ20E + CωE ⊗
ωE is the decomposition U
22 into Sp(n)-irreducible modules. Then, for U22
as submodule of R and n > 1, we have the following decomposition into
Sp(n) Sp(1)-irreducible summands,
U22 = V 22 + (Λ20E)a + Ra,
where we have inserted the subscript a to distinguish these modules from
other copies of Λ20E and R in R. When n > 1, the three summands of the
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decomposition of U22 are non-zero. However, if n = 1, from S2(S2E) =
S4E + U22, we have dimU22 = 1. Therefore, for n = 1,
U22 = Ra.
For providing detailed descriptions of these modules, in the next Propo-
sition we will need to consider
pi1(x, y, z, u) = 〈x, z〉〈y, u〉 − 〈x, u〉〈y, z〉,
pi2 =
∑
A=I,J,K
(6ωA ⊙ ωA − ωA ∧ ωA).
Proposition 4.2. Let ϑ and ψ be the maps respectively defined by equations
(3.7) and (3.8), then
(i) V 22 consists of R ∈ R such that L(R) = 6R, Lσ(R) = 0 and Ric(R) =
0;
(ii) (Λ20E)a consists of R = ϑ(b⊗ g)+ 12ψ(b⊗ g), where b ∈ Λ
2
0E ⊂ S
2V∗
and g = 〈·, ·〉 is the metric. Moreover, Ric(R) = 48(n+ 1)b;
(iii) Ra = R(ϑ(g ⊗ g) + 12ψ(g ⊗ g)) = R(pi2 + 6pi1). Moreover, Ric(pi2 +
6pi1) = 12(2n+ 1)g.
(iv) If R ∈ V 22 + (Λ20E)a + Ra, then Ric = Ric
q ∈ Λ20E + Rg, i.e., for
A = I, J,K, A Ric = Ric.
Proof. This follows from Propositions 3.1 and 3.2, the considerations in the
proof of Proposition 3.2, and the facts ψ(g ⊗ g) = 2pi1 and ϑ(g ⊗ g) = 4pi2.
Part (iv) is a consequence of Proposition 3.2(ii) and Lemma 4.1.
Now let us consider the module Λ4E. By contracting with ωE , we obtain
the decomposition into irreducible Sp(n)-modules given by Λ4E = Λ40E +
ωE ∧Λ
2
0E +C(ωE ∧ωE). Thus it follows that the decomposition of Λ
4E ⊂ R
into irreducible Sp(n) Sp(1)-modules is given by
Λ4E = Λ40E + (Λ
2
0E)b + Rb. (4.1)
Note that:
– if n > 3, then each one of the three summands is non-zero;
– if n = 3, then Λ4E = (Λ20E)b + Rb;
– if n = 2, then Λ4E = Rb; and
– if n = 1, then Λ4E = {0}.
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Next we give more details relative to summands in the right side of equa-
tion (4.1).
Proposition 4.3. Let ϑ and ψ be the maps defined respectively by equations
(3.7) and (3.8), then
(i) Λ40E consists of R ∈ R such that L(R) = 6R, Lσ(R) = −12R and
Ric(R) = 0;
(ii) (Λ20E)b consists of R = ϑ(b⊗g)−12ψ(b⊗g), where b ∈ Λ
2
0E ⊂ S
2V∗.
Moreover, Ric(R) = −48(n− 2)b;
(iii) Rb = R(ϑ(g ⊗ g)− 12ψ(g ⊗ g)) = R(pi2 − 6pi1). Moreover, Ric(pi2 −
6pi1) = −24(n− 1)g;
(iv) If R ∈ Λ40E + (Λ
2
0E)b +Rb, then Ric = −Ric
q ∈ Λ20E +Rg, i.e., for
A = I, J,K, A Ric = Ric.
Proof. This follows from Propositions 3.1 and 3.2, considerations contained
in the proof of Proposition 3.2 and Lemma 4.1.
We have already pointed out that S2EΛ2E = U31 + U211. Moreover,
one can check that U31 = (S3E ⊗ E) ∩ (S2E ⊗ Λ2E) and U211 = (E ⊗
Λ3E)∩ (S2E⊗Λ2E). Therefore, contracting with ωE, one obtains the follow-
ing decompositions into irreducible Sp(n)-summands U31 = V 31 + S2E and
U211 = V 211 + S2E +Λ20E. Thus, for the modules U
31S2H,U211S2H ⊂ R, we
have the following decompositions into irreducible Sp(n) Sp(1)-modules,
U31S2H = V 31S2H + (S2ES2H)a, (4.2)
U211S2H = V 211S2H + (S2ES2H)b + Λ
2
0ES
2H. (4.3)
All of this happens for high dimensions. However for low dimensions some
particular cases must be pointed out.
– For U31. If n > 1, the two summands V 31 and S2E are non-zero. If
n = 1, then Λ2E = RωE and U
31 = S2E. Therefore, for n = 1, we have
U31S2H = (S2ES2H)a.
– For U211. If n > 2, the three summands V 211, S2E and Λ20 are non-zero.
If n = 2, then Λ3E = E ∧ ωE and U
211 = S2E + Λ20E. Therefore, for n = 2,
we have
U211S2H = (S2ES2H)b + Λ
2
0ES
2H.
If n = 1, then Λ3E = {0}. Therefore, U211 = {0} and U211S2H = {0}.
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Remark 4.4. At this point we can complete the proof of parts (iv) and (v)
of Proposition 3.2. In fact, for b ∈ S2E ⊂ Λ2V∗ and c ∈ Λ2ES2H ⊂ Λ2V∗, it
is straightforward to check
Ricq(4φ(b⊙ c) + ϕ(b⊙ c)) = 16eiyb⊙ eiyc− 8
∑
A=I,J,K
〈ωA, c〉A(1)b,
where y denotes contraction. Thus, we have Ricq(4φ(b ⊙ c) + ϕ(b ⊙ c)) ∈
S2ES2H .
On the other hand,
Ricq(4φ(b⊙ c)− 3ϕ(b⊙ c)) = −40eiyb⊗ eiyc+ 24eiyc⊗ eiyb
− 8
∑
A=I,J,K
〈ωA, c〉A(1)b,
which can have non-zero components in both S2ES2H and Λ20ES
2H . Thus
Ricq(4φ(b⊙c)−3ϕ(b⊙c)) ∈ S2ES2H+Λ20ES
2H . All of this, taking equations
(4.2) and (4.3) into account, implies 4φ(b ⊙ c) + 3ϕ(b ⊙ c)) ∈ U31S2H and
4φ(b⊙ c)− 3ϕ(b⊙ c) ∈ U211S2H .
Now, we show more details for the summands of equations (4.2) and (4.3).
Proposition 4.5. Let ϑ and ψ be the maps defined respectively by equations
(3.7) and (3.8), then
(i) V 31S2H consists of R ∈ R such that L(R) = 2R, Lσ(R) = 4R and
Ric(R) = 0;
(ii) (S2ES2H)a consists of R = ϑ(b⊗g)+4ψ(b⊗g), where b ∈ S
2ES2H ⊂
S2V∗. Moreover, Ric(R) = 16(n+ 1)b;
(iii) V 211S2H consists of R ∈ R such that L(R) = 2R, Lσ(R) = −4R
and Ric(R) = 0;
(iv) (S2ES2H)b consists of R = ϑ(b⊗g)−12ψ(b⊗g), where b ∈ S
2ES2H ⊂
S2V∗. Moreover, Ric(R) = −48(n− 1)b;
(v) Λ20ES
2H consists of R such that
R =
∑
A=I,J,K
(
6(A(1) + A(2))b⊙ ωA − (A(1) + A(2))b ∧ ωA
)
,
where b ∈ Λ20ES
2H ⊂ Λ2V∗. Moreover, Ricq(R) = −16nb;
(vi) if R ∈ V 31S2H + (S2ES2H)a, then Ric = Ric
q ∈ S2ES2H;
(vii) if R ∈ V 211S2H + (S2ES2H)b+Λ
2
0ES
2H and Ricqs denotes the sym-
metric part of Ricq, then Ric = −3Ricqs ∈ S
2ES2H.
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Proof. For b ∈ S2ES2H ⊂ S2V∗, it is not hard to check that
Lσ(ϑ(b⊗ g) + 4ψ(b⊗ g)) = 4(ϑ(b⊗ g) + 4ψ(b⊗ g)),
Lσ(ϑ(b⊗ g)− 12ψ(b⊗ g)) = −4(ϑ(b ⊗ g)− 12ψ(b⊗ g)).
Now, all parts follow from Propositions 3.1 and 3.2 and Lemma 4.1.
Since we have already shown the Sp(n)-decomposition U22 = V 22+Λ20E+
CωE ⊗ ωE, then, for U
22S4H ⊂ R and n > 1, we obtain
U22S4H = V 22S4H + Λ20ES
4H + S4H.
For n = 1, as it was above pointed out, U22 = C. Therefore, for n = 1, we
have
U22S4H = S4H.
Proposition 4.6. (i) V 22S4H consists of R ∈ R such that L(R) = −6R
and, for A = I, J,K, Ric∗A(R) = 0;
(ii) Λ20ES
4H consists of R such that
R =
∑
A=I,J,K
(6bA ⊙ ωA − bA ∧ ωA), (4.4)
where bI , bJ , bK ∈ Λ
2
0ES
2H ⊂ Λ2V∗ are such that
∑
A=I,J,K A(2)bA = 0;
(iii) S4H consists of R such that
R =
∑
A=I,J,K
(6bA ⊙ ωA − bA ∧ ωA), (4.5)
where bI , bJ , bK ∈ S
2H ⊂ Λ2V∗ are such that
∑
A=I,J,K A(2)bA = 0.
Proof. For (ii), if R is given by equation (4.4), it is straightforward to check
L(R) = −6R. On the other hand, it is not hard to obtain, for A = I, J,K,
Ric∗A = −4(n + 1)A(2)bA ∈ S
2ES2H + Λ20ES
2H.
Hence Ricq = 0, but the local Ricci tensors Ric∗A are not necessarily zero.
For (iii), if R is given by equation (4.5), where bI = λIIωI+λJIωJ+λKIωK .
It is also straightforward to check L(R) = −6R. In this case, we have
Ric∗I = 4(n+ 1)(λIIg + λKIωJ − λJIωK) ∈ Rg + S
2H,
and also Ricq = 0. Since there are curvature tensors in the conditions of (i),
part (i) follows.
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Remark 4.7. Now we will prove that Lσ(R) = 0, for all R ∈ U
∗22S4H . In
fact, we consider R1 = 6ωI ⊙ ωJ − ωI ∧ ωJ ∈ S
4H ⊂ U∗22S4H . It is direct to
check Lσ(R1) = 0. By Schur’s Lemma, the assertion follows.
Remark 4.8. For a fixed adapted basis I, J , K of G, if R ∈ Λ20ES
4+S4H , then
R is determined by a unique triple bI , bJ , bK . In (iii) of Proposition 4.6, we
can write the condition
∑
A=I,J,K〈bA, ωA〉 = 0 instead of
∑
A=I,J,K A(2)bA = 0,
but in such a case more than one triple bI , bJ , bK can determine the same
element of S4H .
In summary, relative to the Sp(n) Sp(1)-decomposition of the space of
Riemannian curvature tensors R, we have the following cases:
– if the dimension of V is strictly greater than 12, n > 3, then
R = S4E +
(
Ra + (Λ
2
0E)a + V
22
)
+
(
Rb + (Λ
2
0E)b + Λ
4
0E
)
+
(
(S2ES2H)a + V
31S2H
)
+
(
(S2ES2H)b + Λ
2
0ES
2H + V 211S2H
)
+
(
S4H + Λ20ES
4H + V 22S4H
)
;
– if the dimension of V is 12, n = 3, then
R = S4E +
(
Ra + (Λ
2
0E)a + V
22
)
+
(
Rb + (Λ
2
0E)b
)
+
(
(S2ES2H)a + V
31S2H
)
+
(
(S2ES2H)b + Λ
2
0ES
2H + V 211S2H
)
+
(
S4H + Λ20ES
4H + V 22S4H
)
;
– if the dimension of V is 8, n = 2, then
R = S4E +
(
Ra + (Λ
2
0E)a + V
22
)
+ Rb
+
(
(S2ES2H)a + V
31S2H
)
+
(
(S2ES2H)b + Λ
2
0ES
2H
)
+
(
S4H + Λ20ES
4H + V 22S4H
)
;
– and, if the dimension of V is 4, n = 1, then
R = S4E + Ra + (S
2ES2H)a + S
4H.
5 Intrinsic torsion
Let G be a subgroup of the linear group GL(m,R). A manifold M is said to
be equipped with aG-structure, if there is a principalG-subbundle P → M of
the principal frame bundle. In this situation, there always exist connections,
F. Mart´ın Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 19
called G-connections, defined on the subbundle P . Moreover, if (Mm, g =
〈·, ·〉) is an orientable m-dimensional Riemannian manifold and G is a closed
and connected subgroup of SO(m), then there exists a unique metric G-
connection ∇˜ such that ξx = ∇˜x − ∇x takes its values in g
⊥, where g⊥
denotes the orthogonal complement in so(m) of the Lie algebra g of G and
∇ denotes the Levi-Civita connection [15, 6]. The tensor ξ is the intrinsic
torsion of the G-structure and ∇˜ is called the minimal G-connection.
A 4n-dimensional manifold M , n > 1, is said to be almost quaternion-
Hermitian, if M is equipped with an Sp(n) Sp(1)-structure. This is equiv-
alent to the presence of a Riemannian metric g = 〈·, ·〉 and a rank-three
subbundle G of the endomorphism bundle End TM , such that locally G has
an adapted basis I, J , K satisfying I2 = J2 = −1 and K = IJ = −JI,
and 〈AX,AY 〉 = 〈X, Y 〉, for all X, Y ∈ TxM and A = I, J,K. An al-
most quaternion-Hermitian manifold with a global adapted basis is called
an almost hyperHermitian manifold. The manifold is then equipped with an
Sp(n)-structure.
On each point p of these manifolds, the tangent space TpM can be iden-
tified with the vector space V of the previous section. Thus there are three
local Ka¨hler-forms ωA(X, Y ) = 〈X,AY 〉, A = I, J,K. From these one may
define a global, non-degenerate four-form Ω, the fundamental form, by the
local formula (2.2).
In this section, we will recall some information about the intrinsic torsion
of almost quaternion-Hermitian manifolds. More details may be found in [12],
where it is also explained how to explicitly compute the intrinsic torsion via
the exterior algebra.
A connection ∇˜ is an Sp(n) Sp(1)-connection, if ∇˜Ω = 0 or, equivalently,
if for any point of the manifold there exists a local adapted basis I, J , K
of G such that
(∇˜XI)Y = λK(X)JY − λJ(X)KY,
(∇˜XJ)Y = λI(X)KY − λK(X)IY,
(∇˜XK)Y = λJ(X)IY − λI(X)JY.
With respect to the Levi-Civita connection one then has formulæ such as
(∇XI)Y = λK(X)JY − λJ(X)KY − ξXIY + IξXY. (5.1)
Proposition 5.1 (Cabrera & Swann [12]). The minimal Sp(n) Sp(1)-con-
nection is given by ∇˜ = ∇ + ξ, where ∇ is the Levi-Civita connection and
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the intrinsic Sp(n) Sp(1)-torsion ξ is defined by
ξXY = −
1
4
∑
A=I,J,K
A(∇XA)Y +
1
2
∑
A=I,J,K
λA(X)AY,
for all vectors X, Y , being the one-forms λI , λJ and λK defined by cyclically
permuting I, J,K in the expression
λI(X) =
1
2n
〈∇XωJ , ωK〉.
The next result describes the decomposition of the space T ∗M⊗Λ20ES
2H
of possible intrinsic torsion tensors into irreducible Sp(n) Sp(1)-modules.
Proposition 5.2 (Swann [16]). The intrinsic torsion ξ of an almost quaternion-
Hermitian manifold M of dimension at least 8, has the property
ξ ∈ T ∗M ⊗ Λ20ES
2H = (Λ30E +K + E)(S
3H +H).
If the dimension ofM is at least 12, all the modules of the sum are non-zero.
For an eight-dimensional manifold M , we have Λ30ES
3H = Λ30EH = {0}.
Therefore, for dimM > 12 and dimM = 8, we have respectively 26 = 64
and 24 = 16 classes of almost quaternion-Hermitian manifolds. Explicit
conditions characterising these classes can be found in [13].
We use this Proposition to decompose ξ as
ξ = ξ33 + ξK3 + ξE3 + ξ3H + ξKH + ξEH ,
where ξUF ∈ U ⊗ F , for U = Λ
3
0E,K,E and F = S
3H,H . The components
of the intrinsic torsion ξ have the following specific symmetry properties and
characterisations described in [12].
(i) ξ33 is a tensor characterised by the conditions:
(a)
∑
A=I,J,K(ξ33)AA = −
∑
A=I,J,K A(ξ33)A = −ξ33,
(b) 〈·, (ξ33)··〉 is a skew-symmetric three-form.
(ii) ξK3 is a tensor characterised by the conditions:
(a)
∑
A=I,J,K(ξK3)AA = −
∑
A=I,J,K A(ξK3)A = −ξK3,
(b) SXY Z〈Y, (ξK3)XZ〉 = 0.
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(iii) ξE3 is given by
〈Y, (ξE3)XZ〉
= 1
n
∑
A=I,J,K
(
nA(θξA − θ
ξ) ∧ ωA − (n− 1)A(θ
ξ
A − θ
ξ)⊗ ωA
)
(X, Y, Z),
where θξ is the one-form defined by
6
n
(2n + 1)(n− 1)θξ(X) = −〈ξeiei, X〉 = −
∑
A=I,J,K
〈AξeiAei, X〉, (5.2)
and θξI , θ
ξ
J , θ
ξ
K are the local one-forms given by
2
n
(2n+ 1)(n− 1)θξA(X) = −〈AξeiAei, X〉.
Note that 3θξ = θξI + θ
ξ
J + θ
ξ
K .
(iv) ξ3H is a tensor characterised by the conditions:
(a) (ξ3H)AA− A(ξ3H)A − Aξ3HA = ξ3H , for A = I, J,K,
(b) SX,Y,Z〈Y, (ξ3H)XZ〉 = 0.
(v) ξKH is a tensor characterised by the conditions:
(a) (ξKH)AA− A(ξKH)A − AξKHA = ξKH, for A = I, J,K;
(b) there exists a skew-symmetric three-form ψ(K) such that
〈Y, (ξKH)XZ〉 =
(
3ψ(K) −
∑
A=I,J,K
A(23)ψ
(K)
)
(X, Y, Z);
(c)
∑4n
i=1(ξKH)eiei = 0.
(vi) ξEH is given by
〈Y, (ξEH)XZ〉 = 3ei ⊗ ei ∧ θ
ξ(X, Y, Z)
−
∑
A=I,J,K
(
ei ⊗ Aei ∧ Aθ
ξ + 2
n
Aθξ ⊗ ωA
)
(X, Y, Z),
where θξ is the global one-form defined by (5.2).
(vii) The part ξS3H = ξ33 + ξK3 + ξE3 of ξ in (Λ
2
0E + K + E)S
3H is
characterised by the condition∑
A=I,J,K
(ξS3H)AA = −
∑
A=I,J,K
A(ξS3H)A = −ξS3H .
F. Mart´ın Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 22
(viii) The part ξH = ξ3H + ξKH + ξEH of ξ in (Λ
2
0E +K + E)H is char-
acterised by the condition
(ξH)AA− A(ξH)A −A(ξH)A = ξH ,
for A = I, J,K.
6 Curvature and intrinsic torsion
In order to study the contribution of the intrinsic Sp(n) Sp(1)-torsion to the
different components of the Riemannian curvature tensor, we consider the
Sp(n) Sp(1)-map pi1es : Λ
2T ∗M ⊗ Λ2T ∗M → Λ2T ∗M ⊗ Λ2ES2H defined by
4pi1es(a) = 3a−
∑
A=I,J,K
A(3)A(4)a.
Let a˜ : T ∗M⊗T ∗M⊗End T ∗M → Λ2T ∗M⊗End T ∗M be the skewing map
and define b˜ : (T ∗M⊗End T ∗M)⊗(T ∗M⊗End T ∗M) → Λ2T ∗M⊗End T ∗M
by b˜(ξ ⊗ ζ)X,YZ = ξζXY Z − ξζY XZ .
Lemma 6.1. For the curvature tensor R ∈ R, the intrinsic Sp(n) Sp(1)-
torsion ξ and γI = dλI + λJ ∧ λK, we have
pi1es(R)(X, Y, Z, U)
= 1
2
∑
A=I,J,K
γA ⊗ ωA(X, Y, Z, U) + 〈a˜(∇˜ξ)X,YZ, U〉
− 3
4
〈a˜(ξ ◦ ξ)X,YZ, U〉 −
1
4
∑
A=I,J,K
〈Aa˜(ξ ◦ ξ)X,YAZ,U〉
+ 〈b˜(ξ ⊗ ξ)X,YZ, U〉.
Proof. Since R(X, Y, IZ, IU)−R(X, Y, Z, U) = −(RX,Y ωI)(Z, IU), using the
so-called Ricci formula [3, p. 26], we have
R(X, Y, IZ, IU)− R(X, Y, Z, U) = a˜(∇2ωI)X,Y (Z, IU), (6.1)
where in this case a˜ : T ∗M ⊗T ∗M ⊗Λ2T ∗M → Λ2T ∗M ⊗Λ2T ∗M is also the
skewing map. On the other hand, from equation (5.1), it follows
(∇XωI)(Y, Z) = λK(X)ωJ(Y, Z)− λJ(X)ωK(Y, Z)
− 〈Y, ξXIZ〉+ 〈Y, IξXZ〉.
(6.2)
F. Mart´ın Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 23
Now, taking ∇˜ = ∇ + ξ into account and using repeatedly equation (6.2),
from the right side of equation (6.1) we get
(1−I(3)I(4))R(X, Y, Z, U)
= (γJ ⊗ ωJ + γK ⊗ ωK)(X, Y, Z, U)
+ 2〈a˜(λJ ⊗KξI)X,YZ, U〉 − 2〈a˜(λK ⊗ IξJ)X,YZ, U〉
+ 〈a˜(λJ ⊗ ξJ)X,YZ, U〉+ 〈a˜(λJ ⊗ Jξ)X,Y Z, U〉
− 〈a˜(λK ⊗ ξK)X,YZ, U〉 − 〈a˜(λK ⊗Kξ)X,Y Z, U〉
+ 〈a˜(∇˜ξ)X,YZ, U〉+ 〈a˜(∇˜IξI)X,YZ, U〉
− 〈a˜(ξ ◦ ξ)X,YZ, U〉 − 〈Ia˜(ξ ◦ ξ)X,Y IZ, U〉
+ 〈b˜(ξ ⊗ ξ)X,YZ, U〉+ 〈Ib˜(ξ ⊗ ξ)X,Y IZ, U〉.
(6.3)
From this identity the Lemma follows.
Another projection that we need to consider is pi1s : Λ
2T ∗M ⊗Λ2T ∗M →
Λ2T ∗M ⊗ S2H given by
pi1s(a)(X, Y, Z, U) =
1
4n
∑
A=I,J,K
〈a(X, Y, ·, ·), ωA〉ωA(Z, U).
Lemma 6.2. For the curvature tensor R ∈ R, the intrinsic Sp(n) Sp(1)-
torsion ξ and γI = dλI + λJ ∧ λK, we have
pi1s(R)(X, Y, Z, U) =
1
2
∑
A=I,J,K
γA ⊗ ωA(X, Y, Z, U)
+ 1
4n
∑
A=I,J,K
〈ξXei, ξYAei〉ωA(Z, U),
(6.4)
Ric∗A(X, Y ) = −nγA(X,AY )− 〈ξXei, ξAYAei〉, (6.5)
Ricq(X, Y ) = −n
∑
A=I,J,K
γA(X,AY )−
∑
A=I,J,K
〈ξXei, ξAYAei〉. (6.6)
Proof. In equation (6.3), we consider Z = Kei and U = ei. Therefore, we
obtain
4〈R(X, Y, ·, ·), ωK〉 = 2R(X, Y,Kei, ei) = 4nγK(X, Y )− 4〈ξXξYKei, ei〉.
Since 2Ric∗K(X,KY ) = R(X, Y,Kei, ei), the equations of the Lemma follow.
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A third projection is the map pi1 : Λ
2T ∗M⊗Λ2T ∗M → Λ2T ∗M⊗Λ20ES
2H
defined by pi1 = pi1es − pi1s. For the curvature tensor R ∈ R, we have
pi1(R)(X, Y, Z, U) =〈a˜(∇˜ξ)X,YZ, U〉 −
3
4
〈a˜(ξ ◦ ξ)X,YZ, U〉
− 1
4
∑
A=I,J,K
〈Aa˜(ξ ◦ ξ)X,YAZ,U〉+ 〈b˜(ξ ⊗ ξ)X,YZ, U〉
− 1
4n
∑
A=I,J,K
〈ξXei, ξYAei〉ωA(Z, U).
(6.7)
Let QK be the subspace of R such that QK = R ∩ ker pi1. The space
QK can be seen as the space of possible curvature tensors of a quaternionic
Ka¨hler manifold. On Λ2T ∗M⊗Λ2T ∗M , we will consider the extension of the
metric g = 〈·, ·〉 defined by
〈a, b〉 = a(ei1 , ei2, ei3 , ei4)b(ei1 , ei2 , ei3, ei4), (6.8)
and write QK⊥ for the orthogonal complement of QK in R, i.e., R = QK +
QK
⊥. There exists an Sp(n) Sp(1)-map
pi2 : Λ
2T ∗M ⊗ Λ20ES
2H → QK⊥
such that the restriction of pi⊥ = pi2 ◦ pi1 to R is the orthogonal projection
R→ QK⊥ and the restriction of pi2 to the orthogonal complement of pi1(R) is
zero. Therefore, making use of the Sp(n) Sp(1)-map pi2, we have the following
consequence of equation (6.7).
Proposition 6.3. On an almost quaternion-Hermitian manifold, the com-
ponents of pi⊥(R) in QK⊥ are linear functions of the components of ∇˜ξ and
ξ ⊗ ξ, where ∇˜ = ∇+ ξ is the minimal Sp(n) Sp(1)-connection.
Since there are components of R in QK and QK⊥ which only depend on
the Ricci and the q-Ricci tensors, a detailed study of these tensors will refine
the above result.
Lemma 6.4. On an almost quaternion-Hermitian manifold, the Ricci and
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q-Ricci curvature tensors satisfy the identities
3Ric(X, Y )− Ricq(X, Y )
=
∑
A=I,J,K
(−2γA(X,AY ) + 〈ξXei, ξAeiAY 〉+ 〈ξXAY, ξeiAei〉)
+ 4〈(∇˜Xξ)eiY, ei〉 − 4〈(∇˜eiξ)XY, ei〉 − 〈ξXei, ξeiY 〉
− 3〈ξXY, ξeiei〉 − 4〈ξξeiXY, ei〉,
(6.9)
3Ric =
∑
A=I,J,K
(−(n + 2)γA(·, A·)− 〈ξ·ei, ξA·Aei〉+ 〈ξ·eiξAeiA·, )〉
+
∑
A=I,J,K
〈ξ·A·, ξeiAei〉+ 4〈(∇˜·ξ)ei·, ei〉 − 4〈(∇˜eiξ)··, ei〉
− 〈ξ·ei, ξei·〉 − 3〈ξ··, ξeiei〉 − 4〈ξξei ··, ei〉.
(6.10)
Proof. If we take Y = U = ei and write Y instead of Z in the equation of
Lemma 6.1, we will obtain equation (6.9). On the other hand, equation (6.10)
is a direct consequence of equations (6.6) and (6.9).
The next Lemma contains an algebraic result that we will need to analyse
the curvature tensor of a quaternionic Ka¨hler manifold.
Lemma 6.5. Let (V, I, J,K, 〈·, ·〉) be a quaternionic vector space of dimen-
sion 4n, n > 1. If γI , γJ and γK are three two-forms such that
γI ∧ ωJ = γJ ∧ ωI , γJ ∧ ωK = γK ∧ ωJ , γK ∧ ωI = γI ∧ ωK ,
then γA = c ωA, for A = I, J,K, where
2n c = 〈γI , ωI〉 = 〈γJ , ωJ〉 = 〈γK, ωK〉.
Proof. If we compute the contractions
(γI ∧ ωJ)(X, Y, Iei, ei) = (γJ ∧ ωI)(X, Y, Iei, ei),
(γI ∧ ωJ)(X, Y, Jei, ei) = (γJ ∧ ωI)(X, Y, Jei, ei),
we will get
2(n− 1)γJ(X, Y ) + 〈γJ , ωI〉ωI(X, Y )
= γI(X,KY ) + γI(KX, Y ) + 〈γI , ωI〉ωJ(X, Y ),
2(n− 1)γI(X, Y ) + 〈γI , ωJ〉ωJ(X, Y )
= −γJ(X,KY )− γJ(KX, Y ) + 〈γJ , ωJ〉ωI(X, Y ).
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As a consequence of these equations, KγI = −γI andKγJ = −γJ , i.e., γI and
γJ are anti-Hermitian for K. Moreover, we get the following identities
2(n− 1)γI + 〈γI , ωJ〉ωJ = 2K(1)γJ + 〈γJ , ωJ〉ωI ,
2(n− 1)γJ + 〈γJ , ωI〉ωI = −2K(1)γI + 〈γI , ωI〉ωJ .
By similar arguments, cyclically permuting I, J , K, we obtain that γJ and
γK are anti-Hermitian for I, γK and γI are anti-Hermitian for J , and
2(n− 1)γI = 2K(1)γJ + 〈γJ , ωJ〉ωI = −2J(1)γK + 〈γK , ωK〉ωI , (6.11)
2(n− 1)γJ = −2K(1)γI + 〈γI , ωI〉ωJ = 2I(1)γK + 〈γK, ωK〉ωJ , (6.12)
2(n− 1)γK = −2I(1)γJ + 〈γJ , ωJ〉ωK = 2J(1)γI + 〈γI , ωI〉ωK . (6.13)
From equations (6.13), taking equations (6.11) into account, we have
2(n− 1)J(1)γK = 2K(1)γJ + 〈γJ , ωJ〉ωI = −2γI + 〈γI , ωI〉ωI = 2(n− 1)γI .
Therefore
γI = J(1)γK =
1
2n
〈γI , ωI〉ωI .
Since by an analogous argument we also have 2nγK = 〈γK , ωK〉ωK , we find
2nγI = 2J(1)γK = 〈γK, ωK〉ωI . Thus 〈γK , ωK〉 = 〈γI , ωI〉.
Now we give an alternative proof of the already classical result that any
quaternionic Ka¨hler manifold is Einstein [2, 9, 14]. In our view, in the proof
we present here, the roˆle played by the Sp(n) Sp(1)-structure is seen in a
more natural way. Likewise, we also provide alternative proofs for some
known additional information about quaternionic Ka¨hler manifolds [18, 8].
Theorem 6.6. A quaternionic Ka¨hler 4n-manifold M , n > 1, is Einstein,
q-Einstein and locally Ric∗A-Einstein for A = I, J,K. Moreover, if R is the
curvature of M , then
(i) Ric = (n + 2)c g, Ric∗A = nc g and Ric
q = 3nc g, where 2nc =
〈γI , ωI〉 = 〈γJ , ωJ〉 = 〈γK , ωK〉, and γI = dλI + λJ ∧ λK ;
(ii) piRa+Rb(R) =
c
8
(pi2+2pi1), where piRa+Rb is the projection R → Ra+Rb;
(iii) R ∈ S4E + R(pi2 + 2pi1) = QK.
Proof. Since the manifold is quaternionic Ka¨hler, we have
dωI = λK ∧ ωJ − λJ ∧ ωK ,
dωJ = λI ∧ ωK − λK ∧ ωI ,
dωK = λJ ∧ ωI − λI ∧ ωJ .
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Now, writing γI = dλI + λJ ∧ λK , from d
2ωI = d
2ωJ = d
2ωK = 0, we obtain
γK ∧ ωJ = γJ ∧ ωK , γI ∧ ωK = γK ∧ ωI , γJ ∧ ωI = γI ∧ ωJ .
Finally, using Lemma 6.5 and equations (6.5), (6.6) and (6.10), it follows
that M is Einstein and we have part (i).
For part (ii), taking Propositions 4.2 and 4.3 into account and using
part (i), we have
Ric(piRa(R)) =
1
2
(Ric(R) + Ricq(R)) = (2n+ 1)c g,
Ric(piRb(R)) =
1
2
(Ric(R)− Ricq(R)) = −(n− 1)c g.
Now, taking Proposition 4.2(iii) and Proposition 4.3(iii) into account, we
obtain
piRa(R) =
c
12
(pi2 + 6pi1), piRb(R) =
c
24
(pi2 − 6pi1).
Hence part (ii) follows.
Finally, writing R1 = R− piRa+Rb(R), using equation (6.3), we have
R1(X, Y, Z, U)− R1(X, Y,AZ,AU) = 0,
for A = I, J,K. From this identity it is not hard to check Lσ(R1) = 12R1.
Then, by Proposition 3.2, R1 ∈ S
4E and we have part (iii).
At this point, we can be a little more precise about the space QK⊥.
Proposition 6.7. For an almost quaternion-Hermitian manifold, if we de-
note RQK = R(pi2 + 2pi1), then
(i) the orthogonal complement R⊥
QK
of RQK in Ra+Rb is given by RQK⊥ =
R((n+ 2)pi2 − 18npi1);
(ii) the space QK⊥ decomposes into irreducible Sp(n) Sp(1)-modules as
QK
⊥ = R
QK
⊥ + V 22 + (Λ20E)a + Λ
4
0E + (Λ
2
0E)b + V
31S2H
+ (S2ES2H)a + V
211S2H + (S2ES2H)b + Λ
2
0ES
2H
+ V 22S4H + Λ20ES
4H + S4H ;
(iii) the component of R in RQK is determined by Ric(piQK(R)) which is
given by
Ric(piQK(R)) =
n+2
2(5n+1)
(piR(Ric) + 3piR(Ric
q));
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(iv) if we denote Ric
QK
⊥ = Ric(pi
QK
⊥(R)), the component of R in R
QK
⊥
is determined by piR(RicQK⊥) which is given by
piR(RicQK⊥) =
9n
2(5n+1)
(piR(Ric)−
n+2
3n
piR(Ric
q)).
Proof. Part (i) follows by straightforward computations. In such computa-
tions we will obtain
〈pi2, pi2〉 = 36〈pi1, pi1〉 = 288n(4n− 1), 〈pi1, pi2〉 = 144n.
We recall that the scalar product for these tensors is given by equation (6.8).
Part (ii) is a direct consequence of part (i) and results contained in some
previous Sections. For parts (ii) and (iii), note that RicQK and piR(RicQK⊥)
are the Ricci curvatures which respectively correspond to the components of
the curvature in R(pi2 + 2pi1) and R((n+ 2)pi2− 18npi1). Also for the q-Ricci
curvatures we have
Ricq(piQK(R)) =
3n
2(5n+1)
(piR(Ric) + 3piR(Ric
q)),
piR(Ric
q
QK
⊥) = −
3n
2(5n+1)
(piR(Ric)−
n+2
3n
piR(Ric
q)),
where Ricq
QK
⊥ = Ric
q(pi
QK
⊥(R)).
Now our purpose is to derive some further consequences of the identities
d2ωI = d
2ωJ = d
2ωK = 0. From equation (6.2), we have
dωI(X, Y, Z) = (λK ∧ ωJ − λJ ∧ ωK)(X, Y, Z)
+ S
X,Y,Z
(〈Y, IξXZ〉 − 〈Y, ξXIZ〉).
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Now, since d2ωI = 0 and ∇˜ = ∇+ ξ, it is not hard to obtain
0 = (γK ∧ ωJ − γJ ∧ ωK)(X, Y, Z, U)
+ S
Y,Z,U
(〈Z, I(∇˜Xξ)YU〉 − 〈Z, (∇˜Xξ)Y IU, )〉
− S
X,Z,U
(〈Z, I(∇˜Y ξ)XU〉 − 〈Z, (∇˜Y ξ)XIU, )〉
+ S
X,Y,U
(〈Y, I(∇˜Zξ)XU〉 − 〈Y, (∇˜Zξ)XIU〉)
− S
X,Y,Z
(〈Y, I(∇˜Uξ)XZ〉 − 〈Y, (∇˜Uξ)XIZ, )〉
− S
Y,Z,U
(〈Z, (ξXIξ)YU〉 − 〈Z, (ξXξI)YU〉)
+ S
X,Z,U
(〈Z, (ξY Iξ)XU〉 − 〈Z, (ξY ξI)XU, )〉
− S
X,Y,U
(〈Y, (ξZIξ)XU〉 − 〈Y, (ξZξI)XU〉)
+ S
X,Y,Z
(〈Y, (ξUIξ)XZ〉 − 〈Y, (ξUξI)XZ, )〉.
(6.14)
If we respectively replace X, Y, Z, U by X, JY,Kei, ei in last identity, proceed
in an analogous way for d2ωJ and d
2ωK , and finally summing the obtained
expressions, we get
0 = −
∑
A=I,J,K
((2n− 1)γA(X,AY )− 〈γA, ωA〉〈X, Y 〉)
+ S
IJK
(〈γJ , ωK〉ωI(X, Y )− γI(JX,KY ))
+
∑
A=I,J,K
(
−2〈ξXei, ξAYAei〉 − 〈ξeiX,AξAY ei〉+ 〈ξeiX, ξAYAei〉
+ 〈X, ξAY ξeiAei〉+ 〈X, ξξeiAeiAY 〉+ 〈ξeiX, ξAeiAY 〉
+ 〈X, ξξeiAYAei〉+ 〈X, (∇˜eiξ)AeiAY 〉
+ 〈X, (∇˜eiξ)AYAei〉 − 〈X, (∇˜AY ξ)eiAei〉
)
+ S
IJK
(
〈ξeiIX,KξJY ei〉 − 〈ξeiIX, ξJYKei〉 − 〈IX, ξJY ξeiKei〉
− 〈X, IξξeiKeiJY 〉+ 〈ξeiIX, ξKeiJY, )〉+ 〈X, IξξeiJYKei〉
− 〈X, I(∇˜JY ξ)eiKei〉+ 〈X, I(∇˜eiξ)JYKei〉
− 〈X, I(∇˜eiξ)KeiJY 〉
)
.
(6.15)
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Now by computing the Λ20E-components of the bilinear forms contained
in this identity we get
npiΛ2
0
E(
∑
A=I,J,K
γA(·, A·))
= −
∑
A=I,J,K
piΛ2
0
E(〈ξ·ei, ξA·Aei〉 − 〈ξei·, ξAeiA·〉)
+
∑
A=I,J,K
piS2T ∗(〈·, ξξeiAeiA·〉+ 〈·, (∇˜eiξ)AeiA·〉). (6.16)
Note that if we compute the corresponding R-components, we will ob-
tain piR(
∑
A=I,J,K γA(·, A·)) = −1/2n
∑
A=I,J,K〈γA, ωA〉〈·, ·〉 as it is expected.
Finally, computing the S2ES2H-components in equation (6.15), we obtain
−2(n− 1)piS2ES2H(
∑
A=I,J,K
γA(·, A·))
= 2piS2ES2H(
∑
A=I,J,K
〈ξ·ei, ξA·Aei〉)
− piS2T ∗(
∑
A=I,J,K
〈ξei·, ξA·Aei〉+S
IJK
〈ξeiI·, ξK·Jei〉)
+ piS2T ∗(
∑
A=I,J,K
〈ξA··, ξeiAei〉+S
IJK
〈ξI·J ·, ξeiKei〉)
+ piS2T ∗(
∑
A=I,J,K
〈ξei·, AξA·ei〉+S
IJK
〈ξeiI·, JξK·ei〉)
+ piS2T ∗(S
IJK
〈·, IξξeiK·Jei〉 −
∑
A=I,J,K
〈·, ξξeiA·Aei〉)
+ piS2T ∗(
∑
A=I,J,K
〈·, (∇˜A·ξ)eiAei〉 −S
IJK
〈·, I(∇˜K·ξ)eiJei〉)
− piS2T ∗(
∑
A=I,J,K
〈·, (∇˜eiξ)A·Aei〉 −S
IJK
〈·, I(∇˜eiξ)K·Jei〉).
(6.17)
At this point we can give a more detailed description for the components
of the Ricci curvature tensors. In fact, from equations (6.6) and (6.10), using
the identity (6.16), we get
piR(Ric
q) =
1
2
∑
A=I,J,K
(〈γA, ωA〉 −
1
2n
〈ξeiej , ξAeiAej〉)〈·, ·〉, (6.18)
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12npiR(Ric) = (−3〈ξeiei, ξejej〉 − 5〈ξeiej , ξejei〉+ 8〈(∇˜eiξ)ejei, ej〉
+
∑
A=I,J,K
(2(n+ 2)〈γA, ωA〉+ 〈ξeiAei, ξejAej〉
+ 〈ξeiej , ξAejAei〉 − 〈ξeiej , ξAeiAej〉))〈·, ·〉.
(6.19)
Taking traces gives:
Proposition 6.8. The scalar curvature and q-scalar curvature are
scal = 2(n+2)
3
∑
A
〈γA, ωA〉+
7
3
‖ξ33‖
2 − 1
3
‖ξK3‖
2 + 2n
2+3n+2
3n
‖ξE3‖
2
− 1
3
‖ξ3H‖
2 − 7
3
‖ξKH‖
2 + 2(4n
2+6n+1)
3n
‖ξEH‖
2
− 16(2n+1)(n+1)
n
d∗θξ,
(6.20)
and
scalq = 2n
∑
A
〈γA, ωA〉+ ‖ξ33‖
2 + ‖ξK3‖
2 + ‖ξE3‖
2
− 2‖ξ3H‖
2 − 9‖ξKH‖
2 − 2
3
‖ξEH‖
2.
(6.21)
Computing the Λ20E-components gives
piΛ2
0
E(Ric
q) = −
∑
A=I,J,K
piS2T ∗(〈·, ξξeiAeiA·〉+ 〈·, (∇˜eiξ)AeiA·〉)
−
∑
A=I,J,K
piΛ2
0
E(〈ξei·, ξAeiA·〉),
(6.22)
3piΛ2
0
E(Ric) = −piΛ2
0
E(〈ξ·ei, ξei·〉+ 3〈ξ··, ξeiei〉+ 4〈ξξei ··, ei〉)
−
n + 2
n
∑
A=I,J,K
piS2T ∗(〈·, ξξeiAeiA·〉+ 〈·, (∇˜eiξ)AeiA·〉)
+
∑
A=I,J,K
piΛ2
0
E(〈ξ·A·, ξeiAei〉+ 〈ξ·ei, ξAeiA·〉)
+
∑
A=I,J,K
piΛ2
0
E(
2
n
〈ξ·ei, ξA·Aei〉 −
n+ 2
n
〈ξei·, ξAeiA·〉)
+ 4piΛ2
0
E(〈(∇˜·ξ)ei·, ei〉 − 〈(∇˜eiξ)··, ei〉).
(6.23)
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Explicit expressions for the S2ES2H-components piS2ES2H(Ric
q) of Ricq
and piS2ES2H(Ric) of Ric can be easily obtained from equations (6.6), (6.10)
and (6.17). Because of their sizes, we will not write such expressions, but it
is clear that such expressions depend linearly on ξ ⊗ ξ and ∇˜ξ.
It remains to analyse the Λ20ES
2H-component of Ricq. For this purpose,
replace Z and U by Iei and ei in equation (6.14), perform analogous opera-
tions for J and K and then add the expressions obtained to get
0 = 2
∑
A=I,J,K
(γA(X,AY ) + γA(AX, Y ))
+ S
IJK
(〈γJ , ωK〉 − 〈γK, ωJ〉)ωI(X, Y ) + 〈ξXei, ξeiY 〉 − 〈ξY ei, ξeiX〉
+ 3〈ξXY, ξeiei〉 − 3〈ξYX, ξeiei〉+ 4〈X, ξξeiY ei〉 − 4〈Y, ξξeiXei〉
+
∑
A=I,J,K
(
− 〈ξXei, ξAeiAY 〉+ 〈ξY ei, ξAeiAX〉+ 〈X, ξξeiAeiAY 〉
− 〈Y, ξξeiAeiAX〉 − 〈ξXAY, ξeiAei〉+ 〈ξYAX, ξeiAei〉
+ 〈ξeiX, ξAeiAY 〉 − 〈ξeiY, ξAeiAX〉+ 〈X, (∇˜eiξ)AeiAY 〉
− 〈Y, (∇˜eiξ)AeiAX〉
)
− 4〈X, (∇˜Y ξ)eiei〉+ 4〈Y, (∇˜Xξ)eiei〉+ 4〈X, (∇˜eiξ)Y ei〉 − 4〈Y, (∇˜eiξ)Xei〉.
From this last identity it is straightforward to derive the Λ20ES
2H-component
of
∑
A=I,J,K γA(·, A·) which is given by
2piΛ2
0
ES2H(
∑
A=I,J,K
γA(X,AY ))
= −piΛ2
0
ES2H(〈ξXei, ξeiY 〉+ 3〈ξXY, ξeiei〉)
− 4piΛ2
0
ES2H(〈X, ξξeiY ei〉+ 〈X, (∇˜eiξ)Y ei〉 − 〈X, (∇˜Y ξ)eiei〉)
+
∑
A=I,J,K
piΛ2
0
ES2H(〈ξXei, ξAeiAY 〉+ 〈ξXAY, ξeiAei〉 − 〈ξeiX, ξAeiAY 〉)
−
∑
A=I,J,K
piΛ2T ∗(〈X, ξξeiAeiAY 〉+ 〈X, (∇˜eiξ)AeiAY 〉).
Therefore, using this identity and equation (6.6), we deduce the Λ20ES
2H-
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component of the q-Ricci tensor which is given by
2
n
piΛ2
0
ES2H(Ric
q)(X, Y )
= piΛ2
0
ES2H(〈ξXei, ξeiY 〉+ 3〈ξXY, ξeiei〉)
+ 4piΛ2
0
ES2H(〈X, ξξeiY ei〉+ 〈X, (∇˜eiξ)Y ei〉 − 〈X, (∇˜Y ξ)eiei〉)
−
∑
A=I,J,K
piΛ2
0
ES2H(〈ξXei, ξAeiAY 〉+ 〈ξXAY, ξeiAei〉 − 〈ξeiX, ξAeiAY 〉)
+
∑
A=I,J,K
piΛ2T ∗(〈X, ξξeiAeiAY 〉+ 〈X, (∇˜eiξ)AeiAY 〉)
− 2
n
∑
A=I,J,K
piΛ2
0
ES2H(〈ξXei, ξAYAei〉).
(6.24)
Equations (6.18)–(6.24) and the above description of the S2ES2H-com-
ponents of Ricq and Ric give rise to the following result. Here we will follow
the notation used in §5 writing the components of the intrinsic torsion ξ as
ξUF , for U = 3, K, E and F = 3, H .
Theorem 6.9. Let M be an almost quaternion-Hermitian 4n-manifold, n >
1, with minimal Sp(n) Sp(1)-connection ∇˜ = ∇+ξ. The tensors
∑
A〈γA, ωA〉,
∇˜ξUF and ξUF ⊙ ξV G contribute to the components of the q-Ricci curvature
Ricq via equation (6.6) and to the Ricci curvature Ric via equation (6.10) if
and only if there is a tick in the corresponding place in Table 6.1.
Taking Proposition 6.7 (iii) and (iv) into account, using equations (6.18)
and (6.19) we have the following expressions which determine the curvature
components in RQK and RQK⊥, respectively,
24n(5n+1)
n+2
RicQK = (−3〈ξeiei, ξejej〉 − 5〈ξeiej , ξejei〉+ 8〈(∇˜eiξ)ejei, ej〉
+
∑
A=I,J,K
(4(5n+ 1)〈γA, ωA〉+ 〈ξeiAei, ξejAej〉
+ 〈ξeiej , ξAejAei〉 − 10〈ξeiej, ξAeiAej〉))〈·, ·〉,
(6.25)
8(5n+1)
3
piR(RicQK⊥) = (−3〈ξeiei, ξejej〉 − 5〈ξeiej, ξejei〉+ 8〈(∇˜eiξ)ejei, ej〉
+
∑
A=I,J,K
(〈ξeiAei, ξejAej〉+ 〈ξeiej, ξAejAei〉+ 2〈ξeiej, ξAeiAej〉))〈·, ·〉.
(6.26)
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Ricq Ric
R Λ20E S
2ES2H Λ20ES
2H R Λ20E S
2ES2H∑
A〈γA, ωA〉 X X
∇˜ξ33 X X X
∇˜ξK3 X X X
∇˜ξE3 X X X
∇˜ξ3H X X X X X
∇˜ξKH X X X X X
∇˜ξEH X X X X X X
ξ33 ⊗ ξ33 X X X X X X
ξK3 ⊗ ξK3 X X X X X X
ξE3 ⊗ ξE3 X X X X X X
ξ3H ⊗ ξ3H X X X X X X
ξKH ⊗ ξKH X X X X X X
ξEH ⊗ ξEH X X X X X X
ξ33 ⊙ ξK3 X X X X X
ξ33 ⊙ ξE3 X X X
ξ33 ⊙ ξ3H X X X
ξ33 ⊙ ξKH X X X
ξ33 ⊙ ξEH X
ξK3 ⊙ ξE3 X X X X X
ξK3 ⊙ ξ3H X X X
ξK3 ⊙ ξKH X X X
ξK3 ⊙ ξEH X X X
ξE3 ⊙ ξ3H X
ξE3 ⊙ ξKH X X X
ξE3 ⊙ ξEH X X X
ξ3H ⊙ ξKH X X X X X
ξ3H ⊙ ξEH X X X
ξKH ⊙ ξEH X X X X X
Table 6.1: Ricci curvatures from Theorem 6.9.
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Due to Proposition 4.2(iv) and Proposition 4.3(iv), the curvature com-
ponents in (Λ20E)a and (Λ
2
0E)b are determined respectively by 2Ric(Λ20E)a =
piΛ2
0
E(Ric+Ric
q) and 2Ric(Λ2
0
E)b = piΛ20E(Ric−Ric
q). Using equations (6.22)
and (6.23), we obtain the following expressions
6Ric(Λ2
0
E)a = −piΛ20E(〈ξ·ei, ξei·〉+ 3〈ξ··, ξeiei〉+ 4〈ξξei ··, ei〉)
− 2(2n+1)
n
∑
A=I,J,K
piS2T ∗(〈·, ξξeiAeiA·〉+ 〈·, (∇˜eiξ)AeiA·〉)
+
∑
A=I,J,K
piΛ2
0
E(〈ξ·A·, ξeiAei〉+ 〈ξ·ei, ξAeiA·〉)
+
∑
A=I,J,K
piΛ2
0
E(
2
n
〈ξ·ei, ξA·Aei〉 −
2(2n+1)
n
〈ξei·, ξAeiA·〉)
+ 4piΛ2
0
E(〈(∇˜·ξ)ei·, ei〉 − 〈(∇˜eiξ)··, ei〉),
(6.27)
6Ric(Λ2
0
E)b = −piΛ20E(〈ξ·ei, ξei·〉+ 3〈ξ··, ξeiei〉+ 4〈ξξei ··, ei〉)
+ 2(n−1)
n
∑
A=I,J,K
piS2T ∗(〈·, ξξeiAeiA·〉+ 〈·, (∇˜eiξ)AeiA·〉)
+
∑
A=I,J,K
piΛ2
0
E(〈ξ·A·, ξeiAei〉+ 〈ξ·ei, ξAeiA·〉)
+
∑
A=I,J,K
piΛ2
0
E(
2
n
〈ξ·ei, ξA·Aei〉+
2(n−1)
n
〈ξei·, ξAeiA·〉)
+ 4piΛ2
0
E(〈(∇˜·ξ)ei·, ei〉 − 〈(∇˜eiξ)··, ei〉).
(6.28)
Similarly, using Proposition 4.5(vi) and (vii), we see that the curvature
components in (S2ES2H)x, for x = a, b, are determined by
Ric(S2ES2H)a =
1
4
(RicS2ES2H +3Ric
q
S2ES2H
),
Ric(S2ES2H)b =
3
4
(RicS2ES2H −Ric
q
S2ES2H
),
which can be given in terms of ξ using equations (6.6), (6.10) and (6.17).
Theorem 6.10. Let M be an almost quaternion-Hermitian 4n-manifold,
4n > 8, with minimal Sp(n) Sp(1)-connection ∇˜ = ∇ + ξ.
(i) Using equations (6.6), (6.10), (6.17), (6.24), (6.25), (6.26), (6.27) and
(6.28) each of the tensors
∑
A=I,J,K〈γA, ωA〉, ∇˜ξUF and ξUF⊙ξV G contributes
to the components of R in Ra+Rb, (Λ
2
0E)a+(Λ
2
0E)b, (S
2ES2H)a+(S
2ES2H)b
F. Mart´ın Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 36
and Λ20ES
2H if and only if there is a tick in the corresponding place in Ta-
ble 6.2. An entry with two ticks indicates independent contributions to both
summands. For the modules Rx, X
p(a,b)
q(a,b) indicates that the contribution is
a positive multiple of p(a, b) and orthogonal to q(a, b) with a = pi2 + 6pi1,
b = pi2 − 6pi1.
(ii) Taking the image pi⊥(R) = pi2 ◦ pi1(R) into account, where pi1(R) is
given by equation (6.7), each of the tensors ∇˜ξUF and ξUF⊙ξV G contributes to
the components of R in V 22, Λ40E, V
31S2H, V 211S2H, V 22S4H, Λ20ES
4H and
S4H if and only if there is a tick in the corresponding place in Table 6.3.
A number of examples of almost quaternion-Hermitian manifolds with
various different types of intrinsic torsion are given in Cabrera & Swann [12].
Corollary 6.11. On an almost quaternion-Hermitian manifold that is quater-
nionic, i.e., ξ ∈ (Λ30E+K+E)H, there is no curvature in V
22S4H, Λ20ES
4H
or S4H.
Corollary 6.12. If ξ lies in E(S3H+H), then there is no curvature in V 22,
Λ40E, V
31S2H, V 211S2H or V 22S4H.
Corollary 6.13. For ξ ∈ Λ30E(S
3H +H) there is no curvature in V 31S2H.
Corollary 6.14. Let p ∈M . If ξp lies in (Λ
3
0E +E)S
3H + (Λ30E +K)H or
in KS3H and piRa+Rb(R) is proportional to 2pi1 + pi2 at p, then ξp = 0.
The above result is a pointwise version of the following global theorem
for compact manifolds.
Corollary 6.15 (Bor & Herna´ndez Lamoneda [4]). Suppose M is compact,
that ξ ∈ (Λ30E + E)S
3H + (Λ30E +K + E)H and that
(n+ 2)
∫
M
scalq > 3n
∫
M
scal,
then ξ = 0 and M is quaternionic Ka¨hler.
Proof. Subtracting the right-hand side from the left, the resulting integrand
is a sum of the form r1‖ξ33‖
2+ r2‖ξE3‖
2+ r3‖ξ3H‖
2+ r4‖ξKH‖
2+ r5‖ξEH‖
2+
r6d
∗θξ, with r1, . . . , r5 < 0.
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4n > 8 Rx (Λ
2
0E)x (S
2ES2H)x Λ
2
0ES
2H∑
A〈γA, ωA〉 X
2a+b
k1a−k2b
∇˜ξ33 X X
∇˜ξK3 X X
∇˜ξE3 X X
∇˜ξ3H X X X
∇˜ξKH X X X
∇˜ξEH X
2k1a−k2b
a+b X X X
ξ33 ⊗ ξ33 X
5k1a−k2b
2a+5b X X
ξK3 ⊗ ξK3 X
k1a+k2b
2a−b XX XX
ξE3 ⊗ ξE3 X
2k1f(n)a−k2g(n)b
g(n)a+f(n)b X X
ξ3H ⊗ ξ3H X
−14k1a−5k2b
5a−7b X X
ξKH ⊗ ξKH X
−17k1a−5k2b
10a−7b XX XX
ξEH ⊗ ξEH X
−h(n)a+k2
2
b
2k1k2a+h(n)b
X X
ξ33 ⊙ ξK3 X X X
ξ33 ⊙ ξE3 X X
ξ33 ⊙ ξ3H X X
ξ33 ⊙ ξKH X X
ξ33 ⊙ ξEH X
ξK3 ⊙ ξE3 X X
ξK3 ⊙ ξ3H X X
ξK3 ⊙ ξKH XX X
ξK3 ⊙ ξEH X X
ξE3 ⊙ ξ3H X
ξE3 ⊙ ξKH X X
ξE3 ⊙ ξEH X X
ξ3H ⊙ ξKH X X X
ξ3H ⊙ ξEH X X
ξKH ⊙ ξEH X X
Table 6.2: Curvature complementary (I) to S4E, 4n > 8, from
Theorem 6.10(i). Here x = a, b, k1 = n − 1, k2 = 2n + 1, f(n) =
n2 + 3n+ 1, g(n) = n2 + 1, h(n) = (2n − 1)(n + 1).
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4n > 8 V 22 Λ40E V
31S2H V 211S2H V 22S4H Λ20ES
4H S4H
∇˜ξ33 X X
∇˜ξK3 X X X X
∇˜ξE3 X X
∇˜ξ3H X X
∇˜ξKH X X X
∇˜ξEH
ξ33 ⊗ ξ33 X X X X X X
ξK3 ⊗ ξK3 X X X X X X
ξE3 ⊗ ξE3 X X
ξ3H ⊗ ξ3H X X X
ξKH ⊗ ξKH X X X
ξEH ⊗ ξEH
ξ33 ⊙ ξK3 X X X X X X
ξ33 ⊙ ξE3 X X X
ξ33 ⊙ ξ3H X X X X
ξ33 ⊙ ξKH X X X X
ξ33 ⊙ ξEH X X
ξK3 ⊙ ξE3 X X X X X
ξK3 ⊙ ξ3H X X X X
ξK3 ⊙ ξKH X X X X X
ξK3 ⊙ ξEH X X X X
ξE3 ⊙ ξ3H X X
ξE3 ⊙ ξKH X X X X
ξE3 ⊙ ξEH X X
ξ3H ⊙ ξKH X X X X
ξ3H ⊙ ξEH X X
ξKH ⊙ ξEH X X X
Table 6.3: Curvature complementary (II) to S4E, 4n > 8, from
Theorem 6.10(ii).
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A similar result was found by Ivanov & Minchev [10] in the special case
of quaternionic Ka¨hler manifolds with torsion, i.e., for ξ ∈ (K + E)H .
Corollary 6.16. If ξ ∈ (Λ30E + K + E)S
3H, then the components of the
curvature in (Λ20E)a, (Λ
2
0E)b, V
22 and Λ40E are determined by ξ tensorially.
Remark 6.17. It is necessary to say which formulæ we use to derive the
entries in Tables 6.1, 6.2 and 6.3 since there are non-trivial relations between
the tensors ∇˜ξUF and ξUF ⊙ ξV G. These relations come from the Bianchi
identity for the curvature R when expressed in terms of the curvature R˜
of ∇˜ and ξ. The modules affected are Λ20ES
2H , V 211S2H and Λ20ES
4H ,
there are two such relations for Λ20ES
2H and one for each of the other two
modules. This means that one can remove two ticks or one tick, respectively,
from the corresponding column at the cost of introducing ticks elsewhere in
the same column. We expect to be able to derive these relations from the
corresponding components of the equation d2Ω = 0.
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